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Assessment of Schemes for Coupling Monte Carlo
and Navier-Stokes Solution Methods
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A planar Couette flow is simulated using several different interface conditions in a hybrid technique
in which the direct simulation Monte Carlo (DSMC) method and the Navier-Stokes equations are cou-
pled. Comparison of computational times and accuracy of the different methods are made to determine
the best approach for further study. It is concluded that the Marshak condition, in which the properties
at the interfaces between the continuum and rarefied regions are determined from flux conservation
equations, is the best technique in terms of accuracy and run-time performance. When coupling Navier-
Stokes and DSMC solvers, the use of a Maxwellian distribution to represent the particle velocity distri-
bution hi the Navier-Stokes region yields unacceptable errors.

Nomenclature
A = interface cross-sectional area
c' = thermal speed, c'2 = u'2 + v'2 + w'2
F = half-flux
^num = ratio of real-to-simulated particles
/ = velocity distribution function
/0 = Maxwellian distribution
h - plate separation
K = coefficient of thermal conductivity
Kn = Knudsen number, \lh
Krii = local Knudsen number
k = Boltzmann constant
n = number density
P = pressure
q = heat flux
R = gas constant
T = temperature
U = mean velocity in x direction
w, v, w = particle velocities
v = particle velocity vector
/3 = reciprocal of the most probable thermal speed at

equilibrium
AT = sampling time
A = mean free path
IJL = viscosity
p = density
r = shear stress
a) = viscosity-temperature exponent
Vp = gradient of density

Subscripts
ref = reference value
w = wall value

Superscripts
' = thermal component

= average value
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Introduction

W HEN it comes to computing, faster is better as long as
the accuracy of physical models is maintained. Efforts

are underway to develop new methodologies and computer
architectures to reduce computational times. Such attempts are
especially important for simulations of rarefied gas flows. The
most common tool used in this field is the direct simulation
Monte Carlo (DSMC) method of Bird.1 The method simulates
the actual movement and collisions of the microscopic parti-
cles that compose a gas. The DSMC method is a very powerful
tool that provides much more detailed information than any
conventional continuum-type approach, e.g., the solution of the
Navier-Stokes equations. Its main theoretical restriction is the
assumption of binary collisions so that only dilute gases can
be simulated. This is not an important restriction since most
gases of interest for aerospace applications are dilute. Unfor-
tunately, the method is comparatively more computationally
intensive than continuum-type approaches.

For this reason, efforts are being made to combine the ad-
vantageously faster solutions of continuum approaches with
the DSMC method in a hybrid format. In many applications
involving rarefaction, the flowfields of interest are comprised
of regions of both continuum and rarefaction. A perfect ex-
ample of this is the flowfield surrounding a blunt body entering
the upper atmosphere. For certain altitudes, the majority of the
forebody flowfield can be represented by a continuum, while
the wake exhibits a high degree of rarefaction. Other examples
can be found in a variety of applications such as plume im-
pingement studies, plasma processing, and microelectrome-
chanical systems.

The premise of the hybrid approach is as follows. In the
regions where the continuum assumption is valid, a Euler or
Navier-Stokes solver is used. In the remaining portion, the
DSMC technique is employed. Immediately, two important
questions must be resolved: 1) how does one define the de-
marcator between continuum and noncontinuum, and 2) how
are the solutions coupled?

Question of Demarcation
To answer the question of demarcation, one must determine

a measure of the breakdown of the continuum assumption.
This is typically associated with the presence of strong trans-
lational nonequilibrium as defined by Vincenti and Kruger.2
Here, translational nonequilibrium refers simply to the depar-
ture from the equilibrium velocity distribution, the Maxwellian
distribution. By this definition, any flow exhibiting viscous or
heat transfer effects experiences a degree of translational non-
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equilibrium. The breakdown of the continuum assumption usu-
ally coincides with a degree of translational nonequilibrium
for which anisotropic pressure effects arise. Along these lines,
Bird advocates a continuum breakdown parameter defined as
(£//c)(A/p)|Vp|, with a limit value between 0.01-0.02, or a
limit of 0.1 based on a local Knudsen number defined by

(1)

For a hybrid approach, we have to be even more specific about
the criterion for breakdown. We are interested in a definitive
metric for when the Navier-Stokes equations are no longer
accurate. With this in mind, Boyd et al.3 carried out an exten-
sive numerical investigation of one-dimensional normal shock
waves and two-dimensional bow shocks comparing DSMC
and Navier-Stokes results, to determine an appropriate break-
down criterion. They considered both the local Knudsen num-
ber approach and Bird's breakdown parameter. They con-
cluded that the local Knudsen number provides a better
indication of breakdown and that a value of 0.05 guarantees a
discrepancy between the solutions of less than 5%. Another
criterion has been espoused by Eggers and Beylich,4 in which
a combination of local Knudsen number and a measure of the
perturbation of the velocity distribution from Maxwellian is
used. The perturbation criterion is an approximation to the first
two terms in the Chapman -Enskog expansion,5 which include
the effects of both temperature and velocity gradients. For the
present research, the local Knudsen number approach is
deemed sufficient, and its implementation will be detailed later
in the discussion.

Hybrid Coupling
The second question, concerning the coupling of the solu-

tions, is the crux of the hybrid problem. Coupling basically
involves the determination of the properties at the interface
between the DSMC and Navier-Stokes regions. The macro-
scopic properties are required by the Navier-Stokes equations
for the evaluation of the net fluxes and are necessary for the
DSMC method for the specification of the distribution func-
tions used to initialize particles entering from the Navier-
Stokes side into the DSMC region. Figure 1 illustrates a typical
interface. The procedure takes the following form. First, the
particles in the DSMC region are allowed to move and collide.
If they cross the interface, they are removed. At the end of
each hybrid time step, particles enter from the Navier-Stokes
side, such that mass, momentum, and energy fluxes are con-
served across the interface. This is accomplished through the
coupling procedure in which the macroscopic interface prop-
erties, used to specify these particles, are determined. The cou-
pling occurs at specified time increments, and the process is
repeated until a steady state is reached and is continued while
samples are accumulated for the DSMC region.

Just as there are many ways for answering the demarcation
question, there are many methods for solving the coupling
question. Four prevalent methods are 1) the Marshak condi-
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tion, 2) the extrapolation of flow properties, 3) the extrapola-
tion of net fluxes, and 4) the use of the asymptotic values of
the solution of the linear kinetic half-space problem. The Mar-
shak condition is the first documentable hybrid-coupling mech-
anism, suggested by Golse.6 The condition is borrowed from
the field of radiative heat transfer and involves the equating of
the half-fluxes at the interface. By half-flux, we mean the flux
of particles with velocities comprising only half of the normal
velocity component range. The net flux is the sum of the in-
coming and outgoing half-fluxes. For the Marshak condition,
the half-fluxes of mass, momentum, and energy of the particles
crossing the interface during the DSMC step are measured.
These half-fluxes are then added to the incoming half-fluxes
from the Navier-Stokes side and equated with the net flux.
When assuming a Maxwellian distribution for the Navier-
Stokes emission, this gives five equations and five unknowns
providing the macroscopic properties of density, velocity, and
temperature at the interface. More detailed information con-
cerning this research can be found in the work of Bourgat et
al.7"9 The second method of extrapolating flow properties was
proposed by Wadsworth and Erwin10'11 and involves extrapo-
lation of the macroscopic properties of density, velocity, and
temperature to the interface. The accuracy to which conser-
vation is attained is dependent on the order of the extrapola-
tion. Further work with this approach was carried out by Eg-
gers and Beylich.4'12 The third method is similar to the second.
Finally, the fourth method involving a linear kinetic half-space
problem was developed for the situation in which the Marshak
condition is not valid and where severe translational nonequi-
librium exists. Since the interfaces in the current investigation
are defined in regions of slight translational nonequilibrium,
i.e., small local Knudsen number, the final method is not nec-
essary and is not investigated here. However, excellent de-
scriptions of this method are given by Golse,6 Illner and Neun-
zert,13 and Klar.14

The purpose of the present investigation is to determine the
physical and numerical advantages and disadvantages of the
previously mentioned coupling conditions and to select one for
further investigation. Studies are made to determine the effect
of the number of simulated particles and the frequency of cou-
pling on the computational times and physical accuracy. Be-
cause emphasis is placed on these issues, adaptive location of
the interfaces is not examined in this work. Once determined,
the interfaces remained fixed. All investigations are carried out
for a planar Couette flow for a simple monatomic gas to make
an efficient parametric study.

Problem Definition
A planar Couette flow of argon gas is computed using the

hybrid method. Both the DSMC and Navier-Stokes solvers
use exactly the same gas models. A variable hard-sphere
(VHS) model1 is used, where the viscosity is given by

(2)

and the thermal conductivity is written as K = 15/4/?/x with
/tref, rref, co, and R equal to 2.117 X 10~5 kg/m • s, 273 K, 0.811,
and 207.85 J/kg-K, respectively. The upper and lower plates
of the Couette flow are maintained at a temperature of 273 K
and are treated as fully diffuse. The lower plate is at rest while
the upper plate moves with a velocity of 1000 m/s. The plate
separation is 1 m.

The DSMC technique has been described previously and a
general one-dimensional code published by Bird1 was used in
this work. The Navier-Stokes equations reduce to the follow-
ing simple relations for the planar Couette flow:

Interface
Fig. 1 Interface illustration.

dUP = const, T = LL -T- = constdy

q + TU=K^£ + u,U^- = constdy ^ dy

(3)
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Fig. 2 Temperature profiles for Kn = 0.0012.

This is a system of two first-order ordinary differential equa-
tions (ODEs) and can be solved with a simple shooting
method. The integration for the shooting method used a fourth-
order Runge-Kutta scheme. Interestingly, the velocity and
temperature profiles for the continuum planar Couette flow
problem are not a function of pressure. In the presence of
rarefaction, this will not be the case.

The consistency of the DSMC and Navier-Stokes methods
is validated by simulating a continuum flowfield where the
solutions should agree. For this case, a pressure of 7.53 N/m2

and a nominal Knudsen number \/h at the midsection of
0.0012 are employed. Any pressure large enough to provide a
continuum flowfield could have been used since the velocity
and temperature continuum profiles are not a function of pres-
sure. The smallest pressure accomplishing this is desired for
the DSMC method since the computational time is propor-
tional to the number of particles simulated. A higher pressure
means more simulated particles, which in turn, means longer
computational times. The previously specified pressure pro-
duces a continuum flowfield with reasonable DSMC compu-
tational times. The resulting temperature profiles are depicted
in Fig. 2. The profiles coincide, thereby substantiating the con-
sistency of the two methods.

Hybrid Details for the Couette Flow
The simulation of a Couette flow greatly simplifies the hy-

brid problem. Only two interfaces will be required as depicted
in Fig. 3. The core of the flow will be solved with the contin-
uum approach, and the rarefied layers at each wall will be
computed using the DSMC method. First, the entire flowfield
is initialized by the full Navier-Stokes solution. The solution
is used to determine the location of the interfaces and to ini-
tialize the particles in the newly defined DSMC regions. Once
determined, the interface locations remained fixed. The con-
tinuum demarcator is chosen conservatively, i.e., a small value
for the local Knudsen number criterion, 0.005, is used. In this
way, if there are differences between the continuum and hybrid
values for the interface local Knudsen number, the interfaces
will still be located appropriately in regions of slight rarefac-
tion.

This research concentrates on comparative analysis of dif-
ferent hybrid methods to determine the best for further study.
This analysis is made without having adaptive interfaces to
keep it simple and instructive.

As the solution evolves, the properties at the interface will
be constantly updated. The Navier-Stokes region only re-
quires values of velocity and temperature at each interface for
the shooting method. The DSMC region requires more mac-
roscopic properties to specify the distribution of particles en-
tering from the Navier-Stokes side. In this investigation, a
Chapman-Enskog procedure is used to specify this distribu-
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Fig. 3 Couette flow diagram.

tion. However, the effects of using a Maxwellian distribution
will be examined. The Chapman-Enskog distribution function
can be written as

where

/0 = 032/7T)3/2 exp(-j3V2) = 1/2RT

(4)

(5)

For a Couette flow with the velocity in the x direction, this
simplifies to

/0 l - a

6

- -

4 dT
dy

4fjip4 dU_
p dy (6)

The parameters a and y can be written in terms of a type of
local Knudsen number, where

=
p 2a>T (7)

with o> = (5 — 2w)(l — 2(0). These parameters give a measure
of how far the distribution is perturbed from Maxwellian and
illustrate why the local Knudsen number criterion is useful for
determining the interface locations. The second parameter
A//32 can be shown to equal -2r/P, which is a constant
throughout the Couette flow and is not a useful interface cri-
terion for the present investigation. Since the pressure is con-
stant for the Couette flow, the first parameter a//3 is propor-
tional to the local Knudsen number defined in Eq. (1), which
is used in this work as the continuum demarcator.

From the distribution in Eq. (6), we can derive the required
distributions to specify the individual velocity components at
each of the interfaces. The normal component distribution
function, where the plane of interest is normal to the y axis,
is given as

/v fl v'/dw' dw' (8)

However, the other components must be integrated over the
half-range. For example,

fu' « I I V/dv' dw'
J-oo Jo

at the upper interface and

/„• v'/dv' dw'

(9)

(10)
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at the lower interface, since we are only interested in particles
crossing the interface. To prescribe the previous distributions,
they must be normalized. The nonnormal components are nor-
malized over the full velocity range, whereas the normal com-
ponent is normalized over the half-range. Given this, the fol-
lowing results follow for the forward and backward distribu-
tions, respectively:

These equations reduce to the following for the Couette flow:

= I ±2x ± 3 | Jt2 + 2 I x4} exp(- (11)

The previous distribution functions are not necessarily non-
negative. This can easily be observed by considering the zeroes
of the previous functions. Each function will cross the axis and
become negative at some point. This is nonphysical and is a
result of the approximate nature of the Chapman -Enskog ex-
pansion. It is not a concern as long as the zeroes occur close
to infinity. Numerically, the particle thermal velocities must
be specified with a finite range. Typically, this range is from
-3//3 to 3//3. Thermal velocities outside this range are highly
unlikely and are neglected. For small gradients, a and -y, the
distributions remain positive in the range of interest. Since the
interfaces are defined such that the local Knudsen number is
small, the interface gradients will be small, and concerns about
negative values for the distributions are not warranted.

The previous distribution functions are used to determine
the velocities of particles crossing an interface. Note that most
of the previous implementations used Maxwellian distributions
instead. To employ the distributions in Eq. (11), an accep-
tance-rejection method15 is required, which involves the de-
termination of the distribution maxima. Analytical expressions
for these maximums can be attained for the nontangential com-
ponents; the tangential component u' requires the solution of
a cubic equation.

The following sections discuss in detail the specifics of each
of the different hybrid techniques mentioned previously. All
derivations and discussions relate specifically to the Couette
flow under investigation.

Marshak Condition
The Marshak condition employs a conservation of fluxes at

the interface. Here, the net flux is set to the half-flux crossing
from the DSMC side plus the half-flux crossing from the
Navier-Stokes side. The DSMC half fluxes are written as a
summation over the simulated particles crossing the interface:

^DSMC — —

1

w,V; (12)

where + is for the positive range half-flux, — is for the neg-
ative range half-flux, and i represents particles crossing the
interface. For the Navier-Stokes side, the half-flux equations
are as follows for the upper interface:

FNS = n JTJO J-«x

vQf du dv dw,

mNU + -

2 STTC'
0

2 8
, .

2 2 .

(14)

Similar equations can be derived for the lower interface. Since
the y and z mean velocities are zero, the previous equation,
when added to Eq. (12) and equated to the net flux along with
the equation of state, give us only five useful equations with
six unknowns: P, T, p, £/, r, and q. This problem is not the
typical Marshak problem as described earlier, because of the
assumption of a Chapman-Enskog distribution for the Na-
vier-Stokes emission. The system is underdetermined, and ad-
ditional information is obtained from the solution of the
Navier-Stokes equations in the form of the derivatives of U
and T used to define two of the unknowns in the Marshak
problem, q and r. Moreover, the procedure for determining the
properties at the interface will have to be an iterative one.
Different methods for this iteration will be addressed in the
Results section.

Extrapolation of Flow Properties
In this simple procedure, the DSMC solution is allowed to

evolve while accumulating samples for the determination of
macroscopic properties. After a specified number of time steps,
the solution is stopped, and the velocity and temperature are
evaluated. At the first coupling, initial guesses for the interface
velocity and temperature are taken from the full Navier-
Stokes solution. Subsequent initial guesses for the interface
values are made using the values from the last coupling. The
solution is obtained for the Navier-Stokes core. Then, the two
solutions are smoothed around the interface region, and new
values for the interface are obtained. The solution for the
Navier-Stokes region is repeated, and this process iterated
upon until the interface values converge. A good smoothing
routine is required, and for this investigation a quadratic least-
squares-fit of the profiles around the interfaces is employed.
The smoothing region involved eight cells encompassing the
interface. Higher-order fits were avoided because of the oscil-
lations they can introduce. The derivatives necessary for the
specification of the distribution functions are taken from the
solution of the Navier-Stokes region at the interfaces.

Extrapolation of Net Fluxes
At first glance, this method may seem synonymous with the

Marshak condition. However, the methods are quite different.
The extrapolation of net fluxes in no way involves the mea-
surement of half-fluxes at the interfaces. Instead, this method
attempts to equate the net fluxes. The extrapolation of the net
fluxes to the interface requires the evaluation of the shear stress
and heat flux in each region. This is a simple task in the
Navier-Stokes region involving the evaluation of numerical
derivatives. These quantities in the DSMC region are evaluated
from the thermal velocities as

r = pu'v'

q = ipc'V

(15)

(16)

Once these are determined, the net fluxes can be computed,
and an average value can be obtained for the DSMC cells.
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These net flux constants [see Eq. (3)] can then be used in the
solution of the first-order ODEs for the Navier-Stokes region.
The initial values are taken as the extrapolated velocity and
temperature at the lower interface. Equation (3) can then be
treated as an initial value problem. The main difficulty with
the method is that the evaluation of the net flux constants must
be very accurate to ensure that the calculated values at the
upper interface conform with the profile predicted by the
DSMC method in the upper region. In practice, the scatter in
the higher moments indicated in Eqs. (15) and (16) is so great
that the method is essentially useless.

Results
Kn = 0.003 Simulations

The first calculations were made for a slightly rarefied con-
dition with a pressure of 2.95 N/m2 and a midsection Knudsen
number Kn of 0.003. The time step was 2.5 X 10"6 s, which
was less than one-half of the mean collision time to ensure
that the decoupling of the movement and collision is valid in
the DSMC regions. The DSMC cells were less than one-quar-
ter of the mean free path to adequately capture the flow gra-
dients. The Navier-Stokes cells were 2.5 times larger than the
DSMC cells that produced cell Reynolds numbers p(7Ay/x less
than 2. Furthermore, the DSMC and Navier-Stokes solutions
were coupled every 100 time steps.

The choice of the continuum demarcator is arbitrary and can
only be determined by defining the tolerable discrepancy be-
tween the hybrid solution and the full DSMC solution. For this
work, the demarcator was chosen as Knt = 0.005. This is a
much stronger condition than suggested by Bird1 or Boyd et
al.3 Here, the intent is to determine the numerical requirements
of the hybrid code in terms of number of particles, frequency
of coupling, etc. Thus, we want whatever discrepancy occurs
to be because of these parameters and not because of an im-
proper placement of the interfaces. Once the parameters re-
quired for the hybrid methods are found, other less stringent
demarcators can be used. The conservative value of the local
Knudsen number criterion placed the interfaces such that only
1% of the flow was simulated using the DSMC method. This
simple case allowed very fast examination of the different
methods and the parameters that affect them.

As stated previously, the Marshak condition as implemented
in this work involved half-flux equations with six unknowns
and five useful equations. Different approaches for closing this
set of equations were tried. First, a derivative in the form of
either the heat flux or the shear stress was taken from the
Navier-Stokes solution at the interface. This involved making
an initial guess for this gradient and then using it to determine
the properties at the interface. Once the new properties were
determined, the Navier-Stokes region was integrated, and a
new gradient was determined. The new gradient was again
used in the half-flux equations to determine new properties at
the interface. This process was repeated until convergence was
obtained. It was found that using only one of the gradients
from the Navier-Stokes solution provided very poor results
and introduced an unacceptable level of scatter. In the ensuing
investigations, it was discovered that using both gradients and
neglecting one of the half-flux equations provided very good
results. In separate trials, either the number or the energy half-
flux equation was neglected; both produced similar results. In
retrospect, use of a conservative demarcator is somewhat nec-
essary so as not to compromise heat flux and skin friction
calculations.

Similar difficulties were observed with the method of ex-
trapolating the net fluxes. This method was not feasible be-
cause of the level of scatter in the net fluxes, which for this
problem are the shear stress and the heat flux plus viscous
dissipation. The shear stress and heat flux are higher moments
of the distribution function. A larger amount of scatter is as-
sociated with the higher moments than the first moments of

y, m

Marshak
Property Extrapolation
DSMC

250 450

Fig. 4 Temperature profiles for Kn = 0.003.
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Fig. 5 Marshak solution variation with number of particles per
cell.

velocity and temperature. The important conclusion from these
investigations is that information concerning higher moments
should not be obtained from the DSMC method in hybrid
work. It is possible to determine them, but not without a large
number of samples. Thus, the following research concentrates
only on the Marshak condition using Navier-Stokes infor-
mation for the shear stress and heat flux and the extrapolation
of flow properties.

Figure 4 shows the results for the Marshak condition and
the property extrapolation technique compared with the full
DSMC results. Both methods compare well. Further work was
undertaken to investigate the effect of the number of simulated
particles used. Figures 5 and 6 depict the results for the Mar-
shak condition and the property extrapolation methods, re-
spectively. In each of these figures, the midsection region is
focused on improving the clarity and better illustrating the var-
iation with the number of particles. It appears from the figures
that the property extrapolation technique is more sensitive to
the number of particles simulated.

Comparative measurements of run times were made for this
Knudsen number. All of the calculations were carried out on
one 50-Mflop processor of a Silicon Graphics Challenge. Table
1 depicts the times required for 1000 time steps and 10 cou-
plings for the different methods. These cases used an average
of 100 particles per cell. As seen from the table, the Marshak
condition represents a speed up of 43 as compared to the full
DSMC solution. Such a dramatic result is to be expected, since
only 1% of the flow is simulated with the DSMC method for
the hybrid cases. Furthermore, the Marshak condition is 20%
faster than the extrapolation technique. Extra work is required
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Table 1 CPU for various methods, Kn - 0.003

Method
CPU,

s

Total no. of
simulated
particles

Marshak 47.7 2,500
Property extrapolation 60.0 2,500
DSMC 2046.9 216,000
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Fig. 6 Property extrapolation solution variation with number of
particles per cell.
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Fig. 7 Variation of Marshak CPU times with number of particles
per cell.

by the extrapolation method because of the smoothing routine
employed.

Figure 7 depicts the variation of run times with the average
number of particles per cell for the Marshak cases. The same
trend was seen for the extrapolation technique. The amount of
time steps calculated after steady state was determined such
that each case had eight million samples per cell. As seen from
the figure, the quickest run times were acquired when using
100 particles per DSMC cell. Of course, the computational
time spent for the transient decreases with the number of par-
ticles simulated. However, this has to be balanced with the
time spent to calculate the steady state. With less particles,
more time steps are required for the steady state to acquire the
same accuracy. The use of 100 particles per cell represents the
best balance between transient and steady-state computational
times for this condition. This is not to say that this is the best
choice for the number of simulated particles per cell for all
situations, since this is most definitely a function of the flow
conditions and the total number of particles simulated. How-
ever, for this case it is an advantageous result, providing in-

creased accuracy with reduced computational time, as com-
pared to using fewer particles.

Finally, the Kn = 0.003 case was used to determine the effect
of specifying a Maxwellian distribution for the particles emit-
ted from the Navier-Stokes region. Figure 8 displays the re-
sults of the simulation using the Marshak condition with a
Chapman-Enskog and a Maxwellian distribution compared to
the full DSMC simulation. The region near the wall around
the interface is enlarged to best illustrate the results. As can
be seen in the figure, the Maxwellian assumption does a poor
job. This should not be surprising for the Couette flow, since
it is driven purely by gradient effects. Omission of these effects
in the distributions used for specifying the Navier-Stokes
emission seriously degrades the performance of the hybrid
code. Consequently, a Maxwellian distribution should not be
used in the presence of translational nonequilibrium, i.e., vis-
cous effects.

Kn = 0.009 Simulations
For further investigation, a pressure of 1.0 N/m2 was chosen

with a nominal Knudsen number of 0.009. Figure 9 shows the
temperature profiles for the full Navier-Stokes and DSMC
solutions for this Knudsen number. For the Navier-Stokes so-
lution, 500 cells were used. This specification produced cell
Reynold's numbers, pf/Ay/A, less than 2, and provided 5-digit
accuracy in the shear stress. The shear-stress accuracy was
determined by investigating variations in the flowfield shear
stress with the number of cells used. For the DSMC simula-
tion, a time step of 4 X 10~6 s was used, guaranteeing that
the time step was less than one-third of the mean collision
time. Eight-hundred cells were used such that the cell sizes
were less than one-quarter of the mean free path. The DSMC
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Fig. 8 Effect of Maxwellian for Kn = 0.003.

1.0

0.8

0.6
y, m

0.4

0.2

0.0
250 300 350

T 5 K
400 450

Fig. 9 Temperature profiles for Kn = 0.009.
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solution was initialized with the Navier-Stokes solution and
reached steady state after 0.4 s. To determine the steady state,
solutions were obtained by starting the sampling of macro-
scopic properties in the DSMC method at different times. Once
the solutions obtained from these investigations ceased to
change, steady state was obtained. One-hundred-thousand
samples were acquired to resolve the macroscopic properties.
As seen in the figure, the profiles do not coincide. It is most
likely that slip conditions would be an effective remedy for
the discrepancy. However, the point of the present work is not
to investigate the merits of slip conditions. Here, we are in-
terested in the effectiveness of a hybrid code. More rarefied
conditions could easily be employed for which slip conditions
would be useless.

The hybrid cases used the same time step and cell spacings
as the full DSMC and Navier-Stokes solutions in their re-
spective regions. Once again, the conservative criterion of
0.005 for the local Knudsen number is used to determine the
interface locations. For this case, they were located at approx-
imately one- and three-quarters of the plate separation, such
that 55% of the gap was simulated by the DSMC method.
Initial calculations were conducted with the same frequency of
couplings as the previous case. The results for both the Mar-
shak and property methods are presented in Fig. 10, using 25
and 100 simulated particles per cell. The results are not con-
vincing for either method and for either number of simulated
particles. However, the Marshak results offer a more accurate
solution. To improve the simulations, the frequency of cou-
pling was increased from every 100 time steps to every 50.
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Table 2 CPU for various methods, Kn = 0.009
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Marshak (25 particles/cell)
Marshak (100 particles/cell)
Extrapolation (25 particles/cell)
Extrapolation (100 particles/cell)
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Fig. 10 Temperature profiles for Kn = 0.009 with hybrid cou-
pling every 100 time steps.
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Marshak (100 particles/cell)
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250 300 350
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Method
Marshak
Property extrapolation
DSMC

CPU, s
(coupling
every 50

time steps)
388.2
348.6
555.8

CPU, s
(coupling
every 100
time steps)

385.9
343.2
555.8

Total no. of
simulated
particles
47,000
47,000
79,000

Fig. 11 Temperature profiles for Kn = 0.009 with hybrid cou-
pling every 50 time steps.

The results showed marked improvement as evidenced for the
Marshak method in Fig. 11.

Once again, timing measurements were made. These were
conducted using 100 particles per cell with hybrid coupling
every 50 and 100 time steps. The results are presented in Table
2 for 1000 time steps. Here, the hybrid code produced a much
lower speed up than the Kn = 0.003 case of 1.4 for the Mar-
shak condition and 1.6 for the extrapolation technique. Ideally,
we would hope for a speed up of 1.7, since 40% less particles
are required. However, some amount of overhead is associated
with the coupling routine. Some degradation in performance
occurs when increasing the frequency of coupling; however, it
is very slight, as seen in Table 2.

For this case, the property extrapolation method was faster
than the Marshak condition by approximately 10%. It is dif-
ficult to explain why the Marshak condition is slower for one
Knudsen number and faster in another. Its relative speed to the
property extrapolation technique appears to be case dependent.

Conclusions
For the investigations conducted for this work, the Marshak

condition offers the best performance in terms of physical ac-
curacy. For the cases considered, the computational time for
the Marshak condition was either better or comparable to the
property extrapolation technique. The extrapolation of net
fluxes proved to be intractable because of difficulties associ-
ated with the large degree of scatter in higher moments of the
distribution function evaluated from the DSMC method.

The Marshak condition was less affected by the number of
simulated particles used than the property extrapolation tech-
nique. More importantly, it does not appear to require any
more particles per cell than a full DSMC solution. As a result,
it is deemed the most advantageous hybrid approach when
considering interfaces located in regions of slight translational
nonequilibrium.

The use of a Maxwellian distribution for the particles emit-
ted from the Navier-Stokes region provided inaccurate results
and should not be used in viscous regions.
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